UNIT - |
ELECTROSTATICS-1

Learning objectives:

» To introduce the students to basic concepts of electric field Coulomb’s Law

» To introduce electric field intensity and its calculations for different charge distributions.

Syllabus:
Introduction of Electromagnetic fields - Introduction of vector analysis - vector identies -

divergence and stokes theorems - coordinate systems- Introduction to Electrostatic fields —
Coulombs law - problems on Coulombs law - Force due to multiple charges - problems on

multiple charges - Electric field intensity due to a line, Ring and a surface charge

Learning outcomes:

Students will be able to

> Determine the force between two point charges.

> Define electric field intensity or electric field strength (E) and derive expression for
electric field for line charge, circular ring and charged disc.



Learning Material

Charges at rest produce Static Electric Field or Electrostatic field.

Field: It is the existing space in particular area due to some elements.

Electric field due to isolated positive charge  Electric field due to isolated negative charge

N /
\ JE.
{ o w— Y ~
\ O, + - /
\\‘ ’.’*—_\,\‘ //f"_///—' <
= — -« =x=

The lines of force due to a pair of charges, one positive and the other negative

Coulomb’s Law

Coulomb states that the force between two point charges separated in a vacuum or free space by
a distance which is large compared to their size is

Q) proportional to magnitude of each charge

(i) inversely proportional to the square of the distance between them
(iii)  directed along the line joining the charges

(iv) it should be depend up on the medium also.



Let Q: and Q2 be the two point charges separated by a distance |_}f;| and F., be the force
experienced by Q2 due to Q1

Q]. R21 2 F2
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|Fz| =k — (1.1)
Where k is the proportionality constant.k = 1/4me in SI units. The constant € is known as the
permittivity of medium (in farads per meter)

Where € = gog;

0—9

go =absolute permittivity of free space = 8.854x10? = 13? F/m

&= Relative permittivity of medium
=1 for air or free space
k = 1/(4meo) = 9 x 10°
Thus Eqg. (1.1) becomes
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|F2| = (1.2)

If point charges Q:and Q2are located at points, then the force F> on Q.due to Q1, shown in Figure
1.1, is given by
FZ) = |F2|*aR12

F S 1.3
27 4me TNE ARy (1.3)

Where

R—)
ﬁ = unit vector directed from Qto Q, (1.4)
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By substituting eq. (1.4) into eq. (1.3), we may write eqg. (1.3) as
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In air or free space F, = 4ne0mR12 =9x10 T Ri; N
Similarly the force F1 on Q1 due to Q2 is given by
— 1 e
F1 = _%R21 N
4me E
Fo_t@®e— _ =
4me E 12 2
F,=-F, (1.6)

Limitations of Coulombs law:

1. The coulombs law is only applicable for point charges.
2. They should be stationary with respect to each other.
3. Force between two point charges can be determined in only single medium.

Force due to 'N' no. of charges:

If we have more than two point charges, we can use the principle of superposition to determine
the force on a particular charge. The principle states that if there are 'n'charges Qi, Q2

Q3 Qnlocated, respectively, at points with position vectorsRy,, Rzp, R3p .. «.. vev vev oo. Ry
the resultant force F on a charge Qlocated at point(p)is the vector sum of the forces exerted on
Qby each of the charges Q1, Q2, Q3. Qn.Hence:
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F= ——R, (1.8)
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Electric Field Intensity or Electric Field Strength (EFI):

It is the force per unit charge.
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Electric field due to isolated positive charge & negative charge

An electric field is said to exist if a test charge kept in the medium which is at a distance |RT|,
then it will experience a force F+.

A point charge kept at the origin. Consider a point P which is at a distance |RT| meters from the
origin. A small test charge Q:placed at the point P, then it experience a force Ft
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Electric field intensity is defined mathematically as

F
E = lim — (1.10)
Q-0 Q¢
or simply
F
E=- (1.11)
Q:

The electric field intensity E is obviously in the direction of the force F and is measured in
newton/coulomb or volts/meter. From the above figure the force experienced by the test charge
Q: is given by

1 QQ:

= — -3
t 4ne|R, |2 Re

then electric field is

_F 1 Q

E = = ——=a
Q; 47T8|Rt|2 R
1 Q0
= 1.12
47T£|Rt|2aRt ( )

Electric field due to N no. of charges:

If we have more than two point charges, we can use the principle of superposition to determine
the force on a particular charge. The resultant force F on a charge Qlocated at point(p) is the
vector sum of the forces exerted on Qby each of the charges Q1, Q2, Qs.............. Qn.Hence:

F:F1+F2+“’+Fn

Fromeg. (1.9)

N
i
F = 9X109Q ZRT-Rip
i=1 P

We know that
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E=9x 1092 7R (1.13)
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ELECTRIC FIELDS DUE TO CONTINUOUS CHARGE DISTRIBUTIONS:

So far we have only considered forces and electric fields due to point charges, which are
essentially charges occupying very small physical space. It is also possible to have continuous
charge distribution along a line, on a surface, or in a volume as illustrated in figure 1.2.
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Fig. 1.4 volume charge distribution and charge elements

It is customary to denote the line charge density, surface charge density, and volume
charge density by A(in C/m), o(in C/m?), and py(in C/mq), respectively.

Line charge density: when the charge is distributed over linear element, then the line charge
density is the charge per unit length.

. dq
A= limr

Wheredq is the charge on a linear element dl.

Surface charge density: when the charge is distributed over surface, then the surface charge
density is the charge per unit area.

i dq
= i ds

Wheredq is the charge on a surface element ds.

Volume charge density: when the charge is confined within a volume, then the volume charge
density is the charge per unit volume.



dq

Py = 6111171110%

Wheredq is the charge contained in a volume element dv.
Electric field due to line charge:

Consider a uniformly charged wire of length L m, the charge being assumed to be
uniformly distributed at the rate of A (linear charge density) ¢/m. Let P be any point at which
electric field intensity has to be determined.

Consider a small elemental length dx at a distance x meters from the left end of
the wire, the corresponding charge element is A dx. Divide the wire into a large number of such
small elements, each element will render its contribution towards the production of field at P.
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Fig 1.5 Evaluation E due to line charge

Let dE be field due to the charge eclement A dx. It has a component dEx along x-axis and
dEyalong y-axis.

dE = dExax + dEyay
we know that

A dx

dE = 7 (1.14)
From figure 1.5 we can write,
dEx = dEcosé (1.15)
dEy = dE sinf (1.16)

Therefore we can write,



A cosO dx

dE, = Ime, ——(1.17)
dE A sinO dx (1.18)
y = 41re,T?

Substitutingegs. (1.17) and (1.18) in dEwe get,

_ A cosO dx N A sinf dx
= ame,rr 7 Tamer?

a,(1.19)
From figure 1.5 we write

Li-x = h coté

-dx = -h cosec?d d@

r = h cosecd

Substituting equations (1.20), (1.21) and (1.22) in (1.19), we get

A cosO do A sinf do
4meph x 4meph y

dE =

The electric field intensity E due to whole length of the wire

O=mt—ay
E = J- dE df
0=aq

O=mt—a;

J‘ [k cosO do A sinO dO ] 20
Ay h @+ Ay h e

0=aq
=2 h [sin@ a, — cosf ay]7r “
o
A . .
E = yP— [(sma2 —sinay)a, + (cosa, + cosa;) ay] ra
o

Case (i)

If P is the midpoint, cu= 02 = a

A
= dmeh [(sin a — sin @)a, + (cos a + cos a) ay] r
A N
= dme.h [2 cosa ay] r
E=—cosa ayﬂ
2megh Cc

(1.20)
(1.21)

(1.22)

(1.23)

(1.24)

(1.25)



The direction of electric field intensity is normal to the line charge. The electric field is not
normal to the line charge if the point is not at midpoint.

Case (ii)

As length tendsto 0
a1=0and 02=0

From equation (1.24), we get

A N

= —ZHEOhayE (126)

Electrical field due to charged ring:

A circular ring of radius ‘a’carries a uniform charge AC/m and is placed on the xy-plane with
axis the same as the z-axis as shown in figure.

Let dE be the electric field intensity due to a charge dQ. The ring is assumed to be formed by
several point charges. When these vectors are resolved, radial components get cancelled and
normal components get added. Therefore the direction of electric field intensity is normal to the
plane of the ring. The sum of normal components can be written as

Fig. 1.6 charged ring

E =decosa a,

dQ
E = f4neoR2 cos aa,

E‘f Adl h
B 47180R2RaZ




E = Ah fdl
 4me,R3 @z

Ah

= dne,Re < AT %
o

Ah
E = 3 X2maa,

4me,Na? + h?

E Aah
" 2e,(2 + 122

N
6(1'27)

Electrical field due to a charged disc:

A disc of radius ‘a’ meters is uniformly charged with a charged density o ¢/m?. It is required to
determine the electric field at ‘P’ which is at a distance h meters from the centre of the disc as
shown in figure 1.7

.'"- {T = area change
desity

Fig. 1.7 charged disc

The disc is assumed to be formed by several rings of increasing radius. Consider a ring of radius
X meters. Each ring is assumed to be formed by number of point charges.

Let dE; be the electric field intensity due to a charge dQ: and dE: is the electric field intensity
due to a charge dQa.

Electric field due to one ring be obtained by adding normal components of dE1, dE;....... dEn.
Therefore
dE = (dEicosf + dE2cosf + ....... + dEncosh ) a;

dE = (dE1 + dE2 + ....... + dEn) cosfa;



d d d
dE = (2, + 224+ 220 cosfla,

4mer?  4mer?

dQ,+dQy++d
dE = $ateer 10050,
4Ter

de = % c0s0a;

4TrET?
The total charge of the ring is o ds which is equal to dQ

cds

dE=

cosfa,(1.28)

4mer?
ds = n[(x + dx)? — X]
ds = n[x? + dx? + 2xdx — x?] = 2w x dx (neglecting dx? term)

Substituting ds in eq. (1.28) , we get

dE = °4i“£xixcoseaz
dE = ZZcoshar(1.29)

From above figure we can write

Tanf = x/h
X = h tanf (1.30)
dx = h sec?6 dé (1.31)
cos@ = hir
r =h/ cosf = h seco (1.32)

Substituting equations (1.30), (1.31) and (1.32) in (1.29) we get,

o (h tan®)(h sec?6 do)
2¢h sech?

dE = cosfa;

dE = < sing dfa,

2e

On integrating

g a
E:ZJ; sinf dé a,

a a
E= %2 [—cosO]§a,

E = % (1 - cosa)a, (1.33)

From figure 1.7
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For infinite disc, radius ‘R’ tends to infinite and o = 90.

cosa =

o
E= 2—8(1 —cos90)a,

o N V
E = Z—EazEOTE (135)
From equation (1.35), it can be seen that electric field due to infinite disc is independent of

distance. Electric field is uniform.



ELECTROSTATICS-II
Learning objectives:

» To introduce Gauss’s law with its applications

» To familiarize students work done in moving a point charge, Electric Potential and Potential
gradient

Syllabus:

Gauss’s law, Max well’s First equation, Div (D) = pv. Application of Gauss’s Law, Problems on
Gauss's law, Work done in moving a point charge in an Electrostatic field. Electric potential,
Properties of a potential function, Electric potential gradient

Learning outcomes:

Students will be able to

» Apply Gauss law for finding EFI and Electric flux density
> Determine the work done by a point charge placed in electric field..

> Define electric potential and potential difference and derive expressions potential and potential
difference for line charge, circular ring and charged disc.

> Evaluate the electric field from potential (Potential gradient)



ELECTROSTATICS-II

Electric flux (or) displacement flux:

The total number of lines of force in any particular electric field is called electric flux. It is denoted by
symbol ¥. Similar to the charge the unit of electric flux is also coulomb.

Properties of Electric flux lines:

The electric flux is nothing but the lines of force, around a charge. Such electric flux lines have the
following properties

1. Electric flux lines start from positive charge and terminate on the negative charge as shown in
fig 2.1

Flux lines
Fig 2.1 Flux lines

2. If the negative charge is absent, then the total flux lines terminate at co as shown in fig 2.2(a).
While in absence of positive charge, the electric flux lines terminates on the negative charge
from oo as shown in fig 2.2(b)

Flux lines Flux lines
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Fig 2.2

If there are more number of flux lines i.e crowding of flux lines the E is stronger.
Electric flux lines are parallel and never cross each other.

The electric flux lines are independent of medium in which charges are placed.
The electric flux lines always enter or leave the charged surface normally.

© g ks w



Electric flux density (or) displacement flux density:

The net flux passing normal through the surface per unit area is called electric flux density. It is
denoted as D. It has a specific direction which is normal to the surface area under consideration hence
it is a vector field.

—

D=-—a,

|

Where ¥ = Flux passing through the surface.
A = Surface area.
a,.= Unit vector normal to the plane of surface.
The units of D are C/m?.
D due to a point charge Q:
Consider a point charge +Q placed at the centre of the imaginary sphere of radius r as shown in fig 2.3.

The flux lines originating from the point charge +Q are directed radially outwards. The magnitude of
flux density at any point on the surface is,

Fig 2.3

5] = Totalfluxy¥

" TotalsurfaceareaA

But ¥ = Q and A= 4nr?

D =-Lacm

4mr?



Relation between Dand E :

Consider a charge is kept at the origin or centre of spherical cell, the electric field on the surface of
spherical cell is given by

Q

a
4rer2 "

E =
The electric flux density on the surface of spherical cell is given by

Q .

D =
4712 ar

Dividing equations of D and E we get

| |
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Gauss’s Law:

Statement : “The total normal electric flux over a closed surface in an electric field is equal to the
total charge enclosed by that surface .

(or)

Flux coming out of a charged body is equal to the amount of charge contained by that body.
Mathematically it may be expressed as
[D.ds=Q

Where Q is the total charge enclosed. The surface over which the integral is taken is called Gaussian
surface.

Proof: Consider a point Q kept at the origin as shown in figure. Consider point P at a distance r m from
the origin. The displacement density at this point is D. The direction of vector ds is normal to the area.

4

ds

=]




Let the flux through the area dS be d\¥.
Displacement flux density D = ‘;_‘;'

d¥ =D dS

Total flux coming out of the spherical surface can be obtained by integration

[av= [ b.as

¥=[[D.dS

From faraday’s experiment we know that
Q

4mr?

¥ = [[Lds

4mr?

Total surface area 4mr?
17

Q —
= X4nr?=Q

41T
Therefore ¥ = Q
Applications of Gauss’s law:

It is used to find the value of electric field intensity E and Electric flux density D. Construct an imaginary
surface such that electric field is uniform and it is normal to the surface at every point such surface is called
Gaussian surface. Apply Gauss’s law to the Gaussian surface.

Electric field due to point charge:

Construct a Gaussian surface of radius r and apply Gauss’s law

Y=Q
fDdSzQ

DfdS=Q
D.4nr?=Q

Q

4mr?

Q

Amer?




Electric field intensity due to infinite line charge:

Gaussian
surface

PL
Nr ds
N

3

=T ‘y_

Fig : Infinite Line Charge

Consider a cylindrical surface of radius r m and height L m. The line charge can be assumed to be formed by
several point charges. Therefore direction of resultant electric field vector is normal to the line charge.

Applying Gauss’s law
¥=Q
¥Yi+¥P+¥3 = Q

Flux coming out of surfaces 2 and 3 is zero
Since flux is purely normal (f D.ds = 0). Since angle between them is 90°

D 2nrl=M
D= A2nr
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Electric field due to infinite charged disc:

Surface charge
density o c/m2




Consider an infinite disc of surface charge density ¢ c¢/m? The E for this infinite disc is always normal to the
plane of surface.

Construct a pill box as shown in fig and apply Gauss’s law to pillbox.
=Q
WioptWPhoottomtPsides=odS
Flux from the sides is zero because the E and surface is perpendicular to each other.
YioptPoottom=0dS
Dds+Dds = odS
D=06/2
E=D/e
E=06/2¢a,
E due to infinite disc is independent of distance.
Gauss’s law cannot be applied to finite disc because E is not uniform.
Poisson’s and Laplace’s Equations:
From the Gauss law we know that
[D.ds=Q (1)

A body containing a charge density p uniformly distributed over the body. Then charge of that body is
given by

Q=[pdv (2
[D.ds =[pdv (3)
This is integral form of Gauss law.
As per the divergence theorem
[D.ds = [V.Ddv (4)
VD=p (5

This is known as point form or vector form or polar form. This is also known as Maxwell’s first
equation.

D =€E (6)


https://en.wikipedia.org/wiki/Latin_epsilon

VEE=p
V.E=p/¢& (7)
We know that E is negative potential medium
E=-VV (8)
From equations 7 and 8
V.(-VV)=p/€
VAV =-p/E (9)
Which is known as Poisson’s equation in static electric field.

Consider a charge free region (insulator) the value of p = 0, since there is no free charges in dielectrics
or insulators.

V2V =0
This is known as Laplace’s equation.
Cartesian coordinate system

vav =22y
Work Done:

If a point charge ‘Q’ is kept in an electric field it experiences a force F in the direction of
electric field. Fa is the applied force in a direction opposite to that of F.

Let dw be the work done in moving this charge Q by a distance dl m. Total work done in
moving the point charge from ‘a’ to ‘b’ can be obtained by integration.



https://en.wikipedia.org/wiki/Latin_epsilon
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W=fn,w
b
W —jF-ﬂ
E=F/Q
F=EQ
b
W=—fEQ-m
b
W=—QfE-m

a

E= Exax+ Eyay+ Ezaz

dl = dx ax+ dyay+ dza,

E - dl = EX dx+ Eydy+ Ezdz

(x2,¥2,22)
W= —Qf (Exdx + E,dy + E,dz)
(

X1,Y1,21)

Absolute Potential:

(1.36)

(1.37)

(1.38)

Absolute potential is defined as the work done in moving a unit positive charge from infinite

to the point against the electric field.

A point charge Q is kept at an origin as shown in figure. It is

‘b’ which is at distance ‘r’ m from the reference.

b(r,0,0) dx

—— — —

H%L

infinite

ar

Ref

N

required to find the potential at

Q at infinity, x-axis
—

+1c



Consider a point R at a distance ‘x’ m. The small work done to move the charge from R; to P1
is dw. The electrical field due to a point charge Q at a distance ‘x’ m is

E = Q/(4mex?)
Work done = Ee dx

Total work done can be obtained by integration
Work done (W) = — QfabE -dl

V= -1/ E-dl
b

V=—f E-dl
a

E = Exax, dl = dx ax

b
_ Q
V= L dmex?
Q

V= 1.39
dmer ( )

Potential Difference: Vab

Potential difference Vap is defined as the work done in moving a unit positive charge from ‘b’
to ‘a’.




Consider a point charge Q kept at the origin of a spherical co-ordinate system. The field
is always in the direction of ar. No field in the direction of 8 and ¢. The points ‘a’ and ’b’ are
at distance ra and r, respectively as shown in figure.

a
Vab = —f E-dl
b
E =Erar ,dl = drarand E.dI= E(d;

a
Vab = _f E.d,
b

e[

, Amer?
0 [1 1
Vap = —— |———
7 anelr, 1,
Q1 Q1
Vab = o ——— 71— —

Vo = Vo=V, (1.40)
Potential difference due to line charge:

The wire is uniformly charged with A C/m. We have to find the potential difference Vap due to
this line charge. Consider a point P at a distance P from the line charge.

Fig. Line charge



E=Ea
dl = dpa,
Eedl = E,a, * dpa,= E,dp

b

Potential difference Vab is the work done in moving a unit +ve charge from ‘b’ to ‘a’.
a
Vab = —f E-dl
b
a
Vap = — fb Epdp

Pa )
Vab = _f dp
ob 2TEP

A Pp
=—In— 1.41

Potential due to charged ring:

A thin wire is bent in the form of a circular ring as shown in figure. It is uniformly charged
with a charge density A C/m. It is required to determine the potential at height ‘h’ meters from
the centre of the ring. The ring is assumed to be formed by several point charges.

b

Fig. Charged ring
Let dv be the potential due to the charge element of length dl containing a charge dQ.
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b f Adl
) 4mer

V= A fdl
" Amer
= dmer 78
_ Aa
"~ 2er
Ala
V=—"—"—— volts (1.42)
2eVa? + b?

Potential due to a charged disc:

let dv be the potential due to one ring. Each ring is assumed to be having several point charges
dQ1,dQqo, ............ dQn. Potential due to the entire ring is the sum of potential values due to each
point charge.

Fig. Charge disc

_dQ; | dQ; dQn
dv = yy— + yy— F o dmer
dQ; +dQ, + ........+dQ,
v =
Amer
dQ
dv = Amer

ods _aandx _axdx

- Amter  Amer 2&r

Potential due to entire disc can be obtained by integration

V—fd _faaxdx_aj‘“ x p
=)= o 2er  2e)y VxZ ¥ R2 x



Let x? + h? = t?

2x dx = 2t dt
Therefore we have
o (VT de
V=c— —
2¢ ), t
g [VaERE
V=— dt
2¢ Jy,
g
V= 2—8(\/a2 +hZ = h) volts (1.43)
At the centre of the disc , h=0;
V= oa It 1.44
= o volts ( . )

Relation between V and E:
Consider a point charge Q at the origin as shown in figure. Electric field due to this charge at
the point ‘P’ is
Q z
—a

Consider

v(;)=- () ”
r) 7z) 4 a

Using above expression in E , we get

Therefore,



UNIT - 11

Electric Dipole:
It is defined as two equal and opposite charges separated by a small distance.
Electric Dipole moment:

It is defined as product of charge Q and distance between the two charges. It is a vector since length
is in vector, length vector is directed from negative to positive charge, therefore dipole moment is
from negative to positive charge.

m = Ql

I=1u
Ur is unit vector directed from negative to positive charge. The unit of dipole moment is Cm
Potential due to electric dipole:

we have to find the potential at P which is at a distance r from the centre of the dipole. The distance
from +Q and —Q to the point P are ryand r»

l
f1=r--cosfé

2

l
r2:r+5c050

Let V1 be the potential due to +q, V2 be the potential due to —Q.

1= ¢
4merl
2= 9
4TTET2
By the superposition theorem, total potential due to dipole
V =Vi1+V,
_ Q r2-r1
T 4me rirz
r,—ri1=1cos@
rary = r
_ Qlcoso
T 4mr2

M is magnetic dipole moment
We know that

E=-VV



Torque experienced by Dipole in uniform Electric Field:

There are two charges +Q and —Q forming a dipole, placed in uniform E. Each charge will
experience a force equal in magnitude QE but oppositely directed and resultant force experienced
by dipole zero because as F1 and F2 neutralize each other but these forces form a couple whose
torque is equal to magnitude oppose into perpendicular distance between the couple charges.

T =dxF

sing = d/l
d=1sin6
T=Isinf .F
T=0QIlsing . E
T=mxE

The torque is maximum when E and dipole moment are perpendicular to each other. The torque is
minimum when E and dipole moment are parallel. So we conclude that dipole in uniform E does
not experience translational forces. It experiences a force tending aligned the dipole axes with the
E.

Current and current density:

Current through a given area is the electric charge passing through the area per unit time.

|=-2
dt

‘-* indicates the opposite direction of electrons to the current.
Conduction current or Drift current:

The current flow due to the flow of free electrons in the conductor under the influence of applied
voltage is called drift current. It obeys Ohms law.

Convection Current or displacement current:

The current due to the flow of charge under the influence of electric field is called convection
current. It does not obey Ohms law.

Diffusion Current:

The current due to the movement of free electrons and free holes in semi conductor is called
diffusion current.



Current Density:

The amount of current passing through a conductor is normal to the area of cross section / unit area
is called current density. It is given by J.

When a steady current is passing through conductor, the current density is uniform and conduction
has uniform cross section but J is different at different points if the conduction is non uniform cross
section. The current density is represented by vector J. The unit is A/m?

)= lim 25
= |/S
=dl/dS
dl=JdS
|=[].dS

Depending upon the current is produced there are 2 types of J

1. Conduction current density or point form of Ohms law
2. Convection current density

Conduction current density or Point form of Ohms law:
Conduction current requires conductors.

Ohms law:
The current flowing through a linear circuit is directly proportional to impressed voltage provided
the temperature is kept constant.

laV

=GV
I =VIR

We know R=pl/A

| =4
pl
I _1v

A pl
J=0.E

Which is known as point form of Ohms law for insulators or dielectrics.
J = 0 conduction current cannot flow through free space.



Convection current density:

Convection current does not involve conductor and it does not obey Ohms law. It occurs and
current flowing through a insulating medium or through liquid or through vaccum. Consider a
current filament as shown. There is a flow of charge density py at velocity v along y-axis.

V=\Vy ay
The current through the filament
Al =28
At
AQ
We know py = >
AQ = pvAV
Al = AV _  ASAL
PV TPV AL
Al _ Al
as ~ PVac
J= PvVydy

Here Al is the convection current and J is the convection current density.

Continuity Equation:

Continuity equation of charge works on the principle of law of conservation of charge. It states that
the charge can neither be created nor destroyed. We know that current is rate of flow of charge.

|:-Z—‘j 1)

‘-* indicates the opposite direction of electrons to the current.

We know that volume charge density

_ 40
pV - dV
Q=[pydV 2
From equations 1 & 2
— dpy
I = -f?dv (3)

We know



I=/].dS 4
From3 &4

— dpy
J].dS=-[=rdV
[V.jdv =-[ZLeqy

dpy
vj=-2

Boundary conditions between conductors and free space(Dielectric):
First Boundary condition:

Bigger source a boundary formed by conductor and free space, the charge cannot reside inside a
conductor since they repel each other and finally they reach the boundary of the conductor.
Construct a rectangular path ABCDA as shown. We know that electric field is conservative field

jE.dl=0

[ E-dl+ [, E.dl+ [ Edl+[ Edl=0

EaAl — Ehl% +0+0+0+ Enl% =0

Et1 =0
E=Eu+En
=En

Electric field is always normal to the surface of the conductor.
Second boundary condition:

Construct a pill box and apply Gauss law to the pill box.
»=0Q

[D.ds=Q

ftop D.ds + fbottem D.ds +flateral D.ds =adS
Dn1 =0

Normal component of flux density is equal to the normal flux density.



Properties of Conductors:

Electric field inside the conductor is zero.

Electric field is always normal to the surface of the conductor.

The value of electric flux density is equal to surface charge density.
The tangential component of electric field is zero.

Conductors & Dielectrics:

Conductor is one in which the outer electrons of an atom is easily detachable and migrate with
application of weak Electric field.

A dielectric is one in which the electrons are rigidly bounded to their nucleus, so the ordinary
electric field will not be able to detach them away. The dielectric placed in electrostatic field will be
subjected to electro static induction. The electric field will twisted and strain the molecules to orient
the positive charges in the direction of electric field and negative charges oppositely. If the electric
field strength is too high the dielectric will break down cease to beam insulator.

Types of Dielectrics:

1. Polar dielectrics
2. Non-polar dielectrics

Polar dielectrics:

In polar dielectrics the molecules from dipoles even in absence of electric field. Even in absence of
electric field, the dipoles are disposed at random the resultant electric field is zero. On the
application of electric field the dipoles rearranged themselves so that their axes are aligned with the
applied field. The electric field will twist and strain the molecules to orient the positive charges in
the direction of electric field and negative charges oppositely. This shifting results an instantaneous
current called displacement current which causes in very small fraction of seconds.

Eg: water, ether, ammonia
Non-Polar dielectrics:

In these dielectrics the positive and negative elements in the uncharged conditions are closed to
each other that their action is neutral. In the application of electric field will strict the positive and
negative charges lightly with in the molecules to give rise to dipole.

Eg: H, Oetc



Polarization:

The elastic shifting of charged clouds in an atom of dielectric material when it is subjected to an
electric field is called polarization. It is defined as movement of dipole.

P=

<|3

If there are n dipoles the volume then total dipole moment is
m = mi+mz+...+mpAV
m = Y71 m;
polarization = total displacement / volume
Z?AV

=1 mi

%4

Dielectric Parameters:

Consider a dielectric material cutting the form of a slab of permittivity eas shown and placed in
uniform electric field. The effect of field due to polarize the dielectric inducing atomic dipole
through out the volume of specimen in the alignment with the electric field. Consequently
neutralization of equal and opposite charge inside the dielectric charges reside on the slab and form
dipole.

. . l l
Polarizationp =4 =% -2¢
%4 Al A

=0, U
a,is surface charge density.
The internal field Ej = Eo+E?

Where E. is applied field, E! is field induced in the slab which is opposite to that of applied field.

o}
El=-2y
€o
P
= - — ul
€0
P
E| = Ea‘_
€o
P
Ea = Ei+ —
€0
EoEa :60 E| + P

D=¢, Ei+P (1)



P a Ei

P =€y, Ei

D =€, Ei + €, Ei
D = Ei(1+ ¥y,)

D = €€, Ei
Susceptability (y.) :

Number of dipoles induced by unit volume under the influence of unit strength electric field in a
material is known as electrical susceptibility.

Y =€ -1
Susceptibility is one less than relative permittivity. For linear dielectric,
Polarization « E;i

P=eotheEi (1)

We know that D = €€, Ei

D=¢€(1+9.) E (2

From equations 1 & 2

P__ e _¥e
D (1+%e) & )

Dielectric Boundary conditions:
First boundary condition:

When the flux lines are flow through single medium they are continuous. If they go through
boundary formed by two dielectrics they get reflected. First boundary condition deals with electric
field intensity.

E: and E> are electric field in medium 1 and 2 respectively. Construct a rectangular path ABCDA as
shown. And apply conservative property for the rectangular loop ABCDA.

fE.dle

[ E-dl+ [, E.dl+ [ Edl+[ Edl=0



EuAl — En~' - B - EpAl + Bt Em =0
Eu =Eep (1)

At the boundary the tangent along components of electric field vectors are equal.

. Et1
sing; = N

1
Eu=E1sing; (2)

Ew =E2sinf, (3)
Eisin6,= Ezsing, (4)
Second boundary equations:

Dn1 and Dn2 are normal components of flux density vectors in medium 1 and 2 respectively. An
infinite sheet with charge density o C/m? is at the boundary. Second boundary condition deals with
flux density. Construct the pill box at the boundary as shown. Apply Gauss’s law

Flux enter the pill box = Dn2dS

Flux leave the pill box = Dn1dS

Net flux in the pill box = Dn2dS - Dn1dS = o dS
Dn2-Dni=o

If the charge sheet is not present then
Dn2-Dni=0

Dn2=Dn1 (5)

This is known as second boundary condition.

D.
cosf, ==
1

D,,; = Dicosf; (6)

D
cosf, = Diz
2

D,,, = Docost, (7)

Dicosf; = Docosd,(8)



D1 = ¢pe1EL

D2 = gpe,E2
tan6, _ &r2
tan 6; Eri

6,is angle of emergence.
6,is angle of incidence.

This is relation between two dielectric surfaces.



UNIT - IV
MAGNETOSTATICS

Objectives:

» To introduce the students to Basic concepts of magnetic field, magnetic flux density.
» To introduce the basics of biot savart's law.

» To introduce the maxwell's second and third equation.

Syllabus:
Static magnetic fields — Biot-Savart’s law — Oesterd’s experiment - Magnetic field intensity (MFI)

— MFI due to a straight current carrying filament — MFI due to circular, square and solenoid current
— Carrying wire — Relation between magnetic flux, magnetic flux density and MFI — Maxwell’s
second Equation, div(B)=0.

Outcomes:
Students will be able to

» determine the magnetic field using biot savart's law and ampere's law.

» define magnetic field intensity or magnetic field strength (H) and derive expression

for magnetic field for current filament, circular current loop polygon etc
» determine the H due to current sheet.

» Able to obtain maxwell's second equation from biot savart's law and third equation

from ampere's lawevaluate the electric field from potential(Potential gradient)



UNIT IV
MAGNETOSTATICS

Steady current (or) D.C current (or) Time invariant current:

The motion of charges is at a constant rate with a time is called steady current. Magneto
statics deals with magnetic field produced by steady current.

Magnetic field:

A static magnetic field can be produced from a permanent magnetic (or) a current carrying
conductor. A steady current flowing in a straight conductor produces a magnetic field around it.
The field exists as concentric circles having centers at the axis of the conductor.

If we hold the current carrying conductor by the right hand so that the thumb points the direction of
current flow, the fingers point the direction of magnetic field. The unit of magnetic flux is Weber.

1 Wb = 108 maxwells

Magnetic flux density (B):

The magnetic flux per unit area is called magnetic flux density. The unit of magnetic flux density is
Tesla (or) Wh/m?.

The magnitude and direction of magnetic flux density due to current carrying conductor is given by
Biot-Savart’s law.

dé
B=4
d$ = B.ds
c|)=f B.ds
S

Magnetic field intensity:

The magnetic field intensity at any point is the force experienced by a unit north pole of one weber
strength when placed at that point. Unit is N/Whb, A/m (or) AT/m. It is denoted by H.

Magneto Motive Force (mmf):

Magneto motive force is produced when an electric current flows through a coil of several turns.
The Magneto motive force depends on the current and number of turns. Magneto motive force
produces flux in a magnetic circuit. The unit of Magneto motive force is Ampere-turns.



Reluctance (s):

Reluctance is defined as the ratio of Magneto motive force to the flux produced. Reluctance is
similar to the resistance in a electric circuit.

Reluctance is directly proportional to the length of the magnetic path and inversely proportional to
the cross-sectional area of the path. The reciprocal of reluctance is called Permeance.

Magneto motive force = Reluctance X flux

f
Reluctance = =—
flux

1
S=
HoMrA

Biot-Savart’s law:

=L

=
\
3w
y

I.dt

current element
Steady current flowing through a straight conductor produces magnetic field in the form of
concentric circles. The magnetic field intensity is given by Biot-Savart’s law.

A straight conductor is assumed to be formed by several segments. Such segment is called current
element. Current element is vector defined as I. dl.

Let the magnetic field intensity at P due to current element I.dl be dH. The point P is at a distance
‘r’ m from the current element.

According to Biot-Savort’s law, the magnitude of dH is

1) Directly proportional to the current element.
2) Inversely proportional to the square of the distance.
3) Directly proportional to the sine of the angle between current element and distance vector.

a; is the unit vector normal to the plane of the paper.



1) |dH| o |1dI|

2)mm«ﬁ;
3) |dH| o sin®
[T dl|sin®
|dH| o ———
|r|?
Constant in M.K.S unit is ﬁ
|1dl|sin®
ldHl ==
dH = |dH]4;
dH = 'Ifillillze N since |r|a; = T

[1dl|sin® F
~ 4mrfz il

|1 dl|Fsin®
- 41t|r|3
. Idixt

" amr?

H due to entire conductor can be obtained by integration.

ﬁ_fﬁkF

B

uH where p = permeability

K= Holy
1, = permeability of free space
u. = relative permeability

For air(or) free space p. = 1



o (ﬁXF)
4an |r3

Since py = 4mX10~7 Henry/m
B =107 0 \yp/m?

Ir|3

H due to finite conductor and infinite conductor:
We have to determine H due to a finite current carrying conductor at P. P is at a distance ‘d’

m from the origin.
Consider a current element Idx at a distance ‘x” m from the origin. The distance vector between

current element vector and point P is the vector T.

=

A -
r—j&‘ Fimite TComduactor

Let dH be the field intensity due to current element Idx which is at a distance ‘x’ m from the origin.

By Biot-Savart’s law,

—  Idix¢
dH = 41r|3
Idx|r|sin(m — 0)
41r|3
_ Idxsin®

T 4r)?
FromAle, (1)

|dH| =

tano -4
X
x = dcotb



dx = —dcosec?0 (2)
. .d
sinf=—
r

r = dcosecB (3)

From (1),(2) and (3)
—Idcosec?0d0sin®
dH =
4mtd2cosec?9

I
dH = —mSIDGde

Total magnetic field strength is obtained by integration,

« I
H =f8 —mSII’lede

[0d

I .
= —m ; sin6d6

_ I
" 4md
H = |Hla;
I

= (cosa - cosp)
41Td(cosoc cosP)a;

(cosa — cospP)

As length tends to o, c<— 0, — 180°

I
- — 0
[H| 2 d(cosO cos180°)

[
= 2mg 1~ (1)

I

s | PN
H = ﬁarA/m

From this equation,it can be seen that the magnetic field intensity is inversely proportional to the
distance.

BoMrls 2
B= pct Whb/m
Solenoid:

A solenoid is a cylindrically shaped coil consisting of a large number of closely spaced turns of
insulated wire wound usually on a non-magnetic frame.



<[<<((€(((gpmm

H inside a solenoid: (Finite & infinite)

| B

L o
B L -
T—f F_,féfwa ‘
=, x

|

| -~

|

n dx

A solenoid has N no of turns on an iron rod. The turns can be assumed to be circular current loops.
Considering a small section of length dx at a distance ‘x” m from the origin . The no of turns in this
section are ndx.

Let dH be the magnetic field intensity due to this section.

We know that dH = Endx 1)
2r3

a

sinf = —

r

a

r=_——-= acosecH 2)

X

cotf = —

a

X = acotf
dx = —acosec?6d0 (3)

Sub (2) and (3) in (1),



[a?
dH = nXacosec?0do

2a3cosec30

_—In 1

2 cosecH

_ T inede
= TS]H

Total magnetic field intensity can be obtained by varying 6 from {3 to a.
“—In
H= f ——sin06d0O
B 2

—In ® inede
2 B Sin

In
5 [cosa — cosP]
Case 1: Let ‘P’ be the midpoint, B = T — «

In
H= > [cosa — cos(T — a)]

= nlcosa

NI
= L cosux

g N
= LCOS(X

Case 2: For infinitely long solenoid, a — 0,8 = x
n
H= > [cosO — cos ]
=nl

H= %AT/m



H due to a circular current loop:

We have to find H at point ‘P’ which is at a distance ‘h’ m from the center of the current
loop. The circular loop can be divided into no of current elements. dH; and dH; are field intensities
due to the elements Idl: and Idl> respectively. Similarly several vectors can be drawn due to several
current elements. When these vectors are resolved, radial components get cancelled and normal
components get added. There the direction of resultant magnetic field intensity is normal to the
plane of the current loop. The same can be obtained using thumb rule (or) cork-screw rule to the

current loop.

Normal component due to dH: isdH; cos(90 — a) i.e. dH;sina.

Normal component due to dH» isdH,cos(90 — a) i.e. dH,sina.

Therefore, sum of normal components would be resultant H.

H, = dH;sina + dH,sina + --- ... + dH,;sina

H, = delsin(x

sina

n

f [dixe
41r|3

|I1dl||r|sin®
WSID(X

[1dif|r[ (1) .
41r|3



Idl ,a
- | e )

Ia X 2
= et T
[a?
~2|r)3
H] la2 A
=2 t/m
H = |H|a,
2
H=—% & A/m
2(a%2+h2)2

Magnetic field intensity at the center of the current loop:

At the center, h=0.

la? I
S22 gan A/M
If there are N no of turns,
- INa?
H=———a, AT/m
2(a% + h?2)2
Maxwell’s second equation:
From Biot-Savart’s law, we know that
e l.l —_ IR
B = [1X
yPE (xr

Taking divergence on both sides,

= Mfrp Div(I1X F) (1)
We know that Div(d X V) = v.curlu —u.curl v (2)

Using (2), we can write (1) as

Div B :4H (r.curlI1 =TIl curlr)

mr3



Curl deals with rotation. The current element vector and distance vector have no rotation. Therefore

curl Tdl and curl £ vanishes.
. B
DivB=-—-[0—
iv prmE [0 — 0]
Therefore, Div B= 0.
This equation is known as field form (or) Differential form (or) Vector form of Biot-Savart’s law.

This is also known as Maxwell’s second equation.
Alternate proof for Div B=0:

Consider an infinitesimal volume AV as shown in fig. From fig, it can be seen that the flux entering
and leaving are equal.

e
| AV
Net out flow of flux per unit volume is zero.
=0

J, B.ds=0 ()
From divergence theorem,
J, B.ds=J DivB.dv 2)
From (1) and (2)

f B.ds = f DivB.dv=20

S v

f DivB.dv=20

v

Div B=0

Therefore B is a solenoidal field. In electrostatics, positive charge acts as a source and negative
charge acts as sink. The flux lines start from positive charge and terminate on the negative charge.
Electric lines of flux are discontinues.

Magnetic lines of flux start at one point and terminate at the same point. These are continuous. This
is nothing like a source and sink. Therefore isolated poles do not exist.



UNIT -V
FORCE IN MAGNETIC FIELDS

Objectives:

» To study the magnetic force and torque through Lorentz force equation in
magnetic field environment like conductors and other current loops.

Syllabus:
Magnetic force - Moving charges in a Magnetic field - Lorentz force equation - force

on a current element in a magnetic field - Force on a straight and a long current
carrying conductor in a magnetic field - Force between two straight long and parallel
current carrying conductors - Magnetic dipole and dipole moment - a differential
current loop as a magnetic dipole - Torque on a current loop placed in a magnetic
field.

Outcomes:
Students will be able to

» Define the concept of magnetic force

» Describe Lorentz force Equation

» Explain force on a current element in magnetic field
>

Determine the force on straight and long current carrying conductor in a
magnetic field

Derive force between two straight long and parallel current carrying conductors
in magnetic field

A\

» List the applications of magnetic field force



UNIT -V
FORCE IN MAGNETIC FIELDS

Ampere’s law (or) Ampere’s circuital law:

The line integral of tangential component of M.F.I vector over a closed path is equal
to current enclosed by that path (or) Work done by unit pole around a current carrying
conductor is equal to current enclosed. If the conductor has ‘N’ no of turns,

1) ¢H.dI=1,
2) W.D=1I, =NI,
3) ¢H.dl =NI,
Proof:
oA
dp s
I
 ___ — ———ﬁ,“"
T T
Al N
P g
}'L,
. _

Consider a closed path around a current carrying conductor as shown in fig. The
magnetic field at any point on the path is tangent. The point ‘P’ is at a distance ‘r’ from the
conductor. Consider dl at point ‘P’ which is at direction &5 is tangential to the circular path.

From the Biot-Savart’s law, the M.F.I along the conductor is given by

| = d & +rd0s; + d 4
dl = rd@ag

$H.dl = §—a;. rd0 g



How to apply ampere’s law:

It is used to determine the value of M.F.l (H) construct an ampere loop such that
magnetic field is uniform and direction of magnetic field is tangential to the loop at every
point. Then apply Ampere’s law.

Applications:

1) H due to long conductor:
Construct an ampere loop with radius ‘r’ and apply Ampere’s law.

W.D=1,

%H.d1=le

H.2nr =1

Note: We cannot apply ampere’s law to the finite conductor because the magnetic field is
not uniform.

2) H due to a long solenoid:

C D

A solenoid has ‘N’ turns and it carries a current ‘I’ A. The current direction is shown in
fig. The magnetic field is towards left. The magnetic field outside the solenoid is zero.

Consider (or) construct rectangular loop (ABCDA) and apply Ampere’s law,

%H.cﬂ: NI



J H.dl—I—f H.dl—I—f I-I.dl—i-f H.dl = NI
AB BC cD DA

Work done along CD is ‘0’ since it is outside the solenoid.
Work done along DA and BC are ‘0’ because H and dl are perpendicular.

J H.dl = NI
AB

HIl = NI

NI
H= T AT/mType equation here.

We can’t apply ampere’s law for finite solenoid because magnetic field is not
uniform.

Maxwell’s third equation:

According to ampere’s law, the line integral of magnetic field intensity vector over a closed
path is equal to current enclosed by that path.

$H.dl =1 (1)
We know that,
I=[ J.ds (2)

Fromeq (1) and (2),
$H.dl = [ J.ds (3)
This is known as integral form of Ampere’s law.

From the Stoke’s theorem,

We know that
$H.dl =] VXHds (4)

From (3) and (4),

VxH=] (5)

Where ‘J’ is known as point form (or) vector form (or) differential form of Ampere’s law.
This is also known as Maxwell’s 3™ equation.

Force on moving charge:

A charge particle is moving with velocity (v) is placed in magnetic field it experiences a force
whose magnetic is proportional to the product of magnitudes of charge and velocity (v), flux
density (B) and sine of angle between B and v.



F=QvBsiné.
F=Q (vxB)

The direction of force is perpendicular to the both v and B and is given a unit vector in the
direction of vxB .

F=Q (vxB)
Lorentz’s Force Equation :

A charged particle is moving with velocity is placed in magnetic field it experiences a force
where magnitude is proportional to the product of magnitudes of charge and velocity (v) and
flux density(B) and sine of angle between B and v.

F=QvBsina.
F=Q(vxB) (4.0)

The direction of force is perpendicular to the both v and B and is given a unit vector in the
direction of vxB .

When a charge Q is kept in an electric field it experiences a force.
F2=QE 4.2)

If the same charge is kept in an electro-magnetic field, the total force will be sum of F; and
F2 by superposition principle.

F=F+F
F=Q(vB)+QE
F=Q[(vxB) +E] (4.3)

Which is known as Lorentz force equation



Force on a current element:

When a charged particle dQ is moving in a steady magnetic field it experiences a force due to
different element.

dF =dQ (vxB)

dF =dQ v B sin 9 ar

I=dQ/dt

dQ=1dt

dF =1dtvBsin @ ar

we know that dl = v dt

differential force dF =1 dI B sin 6 ar

then total force on the current element F=11xB
F=-Bxll

Where 6 is angle between conductor and magnetic field.
Force between two differential current elements

Consider two differential current elements I1dly, I.dl> as shown in figure. According to Biot-
Savarts have both the elements produce magnetic fields i.e. when a current (11) close through
one of conductors, the magnetic field is developed around the conductors. If I is placed in
this magnetic field then force is exerted on the 2" current element 12dl,.

1 & Ndh

The magnetic field at point (2) due to the current in the current element 11dl; at point 1 is
given by

dH, .
47T R= 4,

(4.4)



I,dl, X a,,
dB, :“1# (4.4)
4w R= 4,

The force on differential current element
d(dF,) =1,dl, x dB,

pnl, dl, xa,,
4m BT,

d(dF2) = Ldl, X

I,

d(dF) = == - dl, x (d; X ay,)

The total force on conductor 2 due to current in conductor 1.

Fo=[[ -5 ”]-]~ de(dI X a,,)

This is also known as amperes torque equation. Similarly the total force on conductor 1 due
to the current in conductor 2 is given by

F=f ]2 - dl, x (dI; X a;,)

According to newtons 3" law of motion, action and reaction are equal and opposite.
Force on a closed current loop:

The force exerted on a current element in a magnetic field is given by

F=j IdiX B
F=—jBXhiE
F=—ijXdI

Assume that B is uniform throughout the field. The force is
F=-IB Xj dl

F=10 sincejdizﬂ

If a closed filamentary circuit is placed in a uniform magnetic field, it does not experience a
force.

If magnetic field is not uniform throughout the field, the force is not zero.



Force between two straight parallel current carrying conductors:

In figure both conductors carrying current in the same direction, the magnetic field of first
conductor in the upward direction and magnetic field due to second conductor is in the
downward direction. The upward direction of the magnetic field is represented by south pole
and downward as north pole. There is a force of attraction between two conductors carrying
current in same direction.

From figure there is a force of repulsion between two conductors carrying current in opposite
directions.

/“
Ak g

Force between two straight parallel current carrying conductors in same direction:

Consider two straight long parallel conductors placed at a distance ‘d’ m apart. We have to
determine the force between two conductors per meter length.

B; ,\d‘\

Conductor two carrying current I> and is placed in field produced by conductor one. Then, the
conductor two experiences a force.

F,=1(1xB)
F,=-1, (| ax X -B1 az)

Fo=-11Bray N



The direction of force is along —ve y-axis similarly, the magnetic field produced by conductor
two at conductor one is given by

The force experienced by conductor one due to current in conductor two is given by
Fo=-li (laxx B ay)
F2=-l11Bay

Therefore ,

—pl,
Fo=-LI1—a

_ HLL
Fall = 2ma Y

F= %ay N/m

"
=7

From this we can conclude that there is a force of attraction between two conductors carrying
current in the same direction.

If 11 =1,=1A,; d=1m; p=po

F= f—:=z x 1077 N/m

1A is defined as the value of current which is flowing in two infinitively long conductors
with their centres in a part in free space produce a force between them is 2x10" N/m.
Magnetic torque:

The force on a filamentary closed circuit is given by

F=-1]B x dL

and assume a uniform magnetic flux density, then B may be removed from the integral:

= 1B x JdL

However, In closed line integrals in an electrostatic potential field dL = 0, and therefore the
force on a closed filamentary circuit in a uniform magnetic field is zero.

If the field is not uniform, the total force need not be zero.

This result for uniform fields does not have to be restricted to filamentary circuits only. The
circuit may contain surface currents or volume current density as well. If the total current is
divided into filaments, the force on each one is zero, as we showed above, and the total force



is again zero. Therefore any real closed circuit carrying direct currents experiences a total
vector force of zero in a uniform magnetic field.

Although the force is zero, the torque is generally not equal to zero.

In defining the torque, or moment, of a force, it is necessary to consider both an origin at or
about which the torque is to be calculated, as well as the point at which the force is applied.
In Fig. 9.5a, we apply a force F at point P, and we

fa) F; ‘ 7 ()]
FIGURE 9.5

(a) Given a lever arm R extending from an origin 0 to a point P where force F is applied, the torque about 0 is T
= R xF. (h) If F = -F4, then the torque T = R»1 x F1 is independent of the choice of origin for Ry and Ro.

Establish an origin at O with a rigid lever arm R extending from 0 to P. The torque about
point O is a vector whose magnitude is the product of the magnitudes of R, of F, and of the
sine of the angle between these two vectors. The direction of the vector torque T is normal to
both the force F and lever arm R and is in the direction of progress of a right-handed screw as
the lever arm is rotated into the force vector through the smaller angle. The torque is
expressible as a cross product,

T=RxF

Now let us assume that two forces, F1 at P; and F, at P,, having lever arms R: and R>
extending from a common origin 0, as shown in Fig. 9.5b, are applied to an object of fixed
shape and that the object does not undergo any translation. Then the torque about the origin is

T=RixF1+R2 XF2

where

Fi+F2=0

and therefore
T=(R:1—R2)XF1=Ra xF1

The vector R21 = R1 - Rz joins the point of application of F» to that of F; and is independent of
the choice of origin for the two vectors R1 and Rz. Therefore, the torque is also independent
of the choice of origin, provided that the total force is zero. This may be extended to any
number of forces.



Consider the application of a vertically upward force at the end of a horizontal crank handle
on an elderly automobile. This cannot be the only applied force, for if it were, the entire
handle would be accelerated in an upward direction. A second force, equal in magnitude to
that exerted at the end of the handle, is applied in a downward direction by the bearing
surface at the axis of rotation. For a 40-N force on a crank handle 0.3 m in length, the torque
is 12 Nm. This figure is obtained regardless of whether the origin is considered to be on the
axis of rotation (leading to 12 Nm plus 0 m), at the midpoint of the handle (leading to 6 Nm
plus 6 m), or at some point not even on the handle or an extension of the handle.

We may therefore choose the most convenient origin, and this is usually on the axis of
rotation and in the plane containing the applied forces if the several forces are coplanar.

With this introduction to the concept of torque, let us now consider the torque on a
differential current loop in a magnetic field B. The loop lies in the xy plane (Fig. 9.6); the
sides of the loop are parallel to the x and y axes and are of length dx and dy. The value of the
magnetic field at the center of the loop is taken as Bo. Since the loop is of differential size,
the value of B at all points on the loop may be taken as Bo. (Why was this not possible in the
discussion of curl and

Fig: A differential current loop in a magnetic field B. The torque on the loop is dT =
I(dxdyaz) x Bo =1dS x B

divergence?) The total force on the loop is therefore zero, and we are free to choose the origin
for the torque at the center of the loop.

The vector force on side 1 is
dF1 =l dxax X Bo

or

dF1 = I dx(Boyaz, — Bozay)

For this side of the loop the lever arm R extends from the origin to the midpoint of the side,
R1 =-0.5dy ay, and the contribution to the total torque is

dT1=R1 xdF:



=-0.5dy ay X | dx(Boya; — Bozay)
= -0.5dx dy IBoyax
The torque contribution on side 3 is found to be the same,
dT3 = Rz x dFs = -0.5dy ay X (—I dx ax X Bo) = -0.5dx dy IBoyax = dT:
and
dT: +dT3 = —dx dy IBoyax
Evaluating the torque on sides 2 and 4, we find
dT2 + dTs = dx dy IBoxay
and the total torque is then
dT =1 dx dy(Boxay — Boyax)
The quantity within the parentheses may be represented by a cross product,
dT =1 dx dy(a; X Bo)
or
dT=1dSxB (15)

where dS is the vector area of the differential current loop and the subscript on Bo has been
dropped.

We now define the product of the loop current and the vector area of the loop as the
differential magnetic dipole moment dm, with units of Am?2. Thus

dm = 1dS (16)

and dT=dm X B a7

If we extend the results we obtained differential electric dipole by determining the torque
produced on it by an electric field, we see a similar result,

dT=dpxE

Equations (15) and (17) are general results which hold for differential loops of any shape, not
just rectangular ones. The torque on a circular or triangular loop is also given in terms of the
vector surface or the moment by (15) or (17).

Since we selected a differential current loop so that we might assume B was constant
throughout it, it follows that the torque on a planar loop of any size or shape in a uniform
magnetic field is given by the same expression,



T=1SxB=mxB (18)

We should note that the torque on the current loop always tends to turn the loop so as to align
the magnetic field produced by the loop with the applied magnetic field that is causing the
torque. This is perhaps the easiest way to determine the direction of the torque.

Magnetic dipole:

A circular loop of small area is called magnetic dipole.
Magnetic dipole moment:

It is the product of current and area.

m=1Aa, A-m?

If the loop has ‘N’ no. of turns then

m=NIAa, AT-m?

where an, is the unit vector normal to the plane of the loop.

Consider a magnetic material having ‘n’ no. of dipoles then the total magnetic dipole
moment,

Magnetic polarisation or magnetisation:

It is ratio of magnetic dipole moment per unit volume.

. m
M= lim —

Aw—=0 hp

m A
M=— —or AT/m
v m

[



UNIT - VI
TIME VARYING FIELDS

Objectives:

» To study time varying and Maxwell’s equations in different forms andMaxwell’s
fourth equation for the induced Emf.

Syllabus:

Time varying fields — Faraday’s laws of electromagnetic induction — Itsintegral
and point forms — Maxwell’s fourth equation, Curl (E)=-0B/ot —Statically and
Dynamically induced EMFs — Simple problems -Modificationof Maxwell’s equations for

time varying fields — Displacement current —Poynting Theorem and Poynting vector.

Outcomes:
Students will be able to

» Define the function of time varying fields

» Derive faraday's law of electromagnetic induction

» ldentify the application of faraday's law of electromagnetic induction
> List applications of faraday's law in the field of electrical engineering



UNIT - VI
TIME VARYING FIELDS

Faraday’s First law:

Whenever conductor cuts the flux (flux not constant) emf is induced in the conductor.

.
e—th

Faraday’s second law:

The emf induced per turn is negative of the rate of change of flux linkages.

=%
€=
‘-* sign is an indication that the emf is in such direction has to produce a current whose flow is added to

original flow to reduce magnitude of emf.

Lenz’s Law:

Consider a wire loop shown with a bar magnet moving upwards show that the flux through the loop
increasing, this results an induced current in the loop flowing in a direction such that loop magnetic field
oppose the motion of the magnet since like pole repel each other.

The magnet is moving down away from the flux through the loop is decreasing, this results an induced
current flowing in a direction such that loop magnetic field oppose the motion of the magnet. Since the
unlike poles attract eachother. Thus the induced current in the loop is always in such a direction to oppose
the change produces it.

Let us suppose that emf in circuit b acts to send a current in the same direction as current in circuit a.
Such current will strengthen original magnetic field sut up by increasing current in circuit a. The induced
emf and the current, flux increases. This is impossible therefore direction of emf circulate a current in
circuit b in such a direction as to oppose the increasing in the original speed.

According to Lenz’s law the induced voltage acts to produce the opposing flux. Lenz’s law state that the
direction of induced emf is such as it tends to oppose the cause or more explicitely direction induced emf
in any current produces or tends to oppose the change of flux that is produced in it.

Maxwell’s Fourth Equation:

Consider a coil kept in the magnetic field as shown. X — indicates the flux is perpendicular to the plane of
the coil. We know that

V=[E.dl



From Faraday’s law

- a¢
e=-N "
__4¢
T oat
¢=[B.ds

_ dB
JE.dl=-[—dS

[E.dl=[VXE dS

_ a8
VXE = o

Point form or differential form of Maxwell’s 4™ equation.
From the above equation it can be observed that time varying magnetic field produces Electric field.
Statically induced emf:

Whenever change in flux that is passing through the conductor produces the emf on the conductor. This is
known as statically induced emf. Consider a coil kept in the magnetic field shown. X- indicates increase
in flux is perpendicular to the plane of the coil. We know that potential difference is the integral of E.dI at
no load.

V=[E.dl

da
e=-22
dt

Atnoload e=V

—_d¢ _
e=- Fr f E .dl
Dynamically Induced emf:

Whenever a conductor moves with a velocity passing through a stationary magnetic field. The emf is
induced in the conductor. This emf is known as dynamically induced emf.

A magnetic field is established perpendicular to the plane of paper as shown. The circuit has two metal
rails connected at the upper end of the galvanometer. Amovable conductor is arranged to slide along the
rails and maintain contact with the rails. The conductor moves with velocity v and distance dx in dt
seconds. The emf induced in the conductor since flux linked by it increased.

From Faraday’s Law

a¢
dt

e=



Faraday’s disc G/r’s:

A disc of radius a is attached to the shaft or axis, the system is supported by 2 bearings on either side. One
brush is brushed on the shaft and other is brushed over the edge of the disc. A magnetic field is applied in
a direction perpendicular to the plane of the disc. This system is driven by prime mover at a speed of N
rpm. When the disc rotates it cuts the flux an emf is induced in the disc the emf is collected using brushes
as shown. According to Faraday’s second law the magnitude of emf is equal to time rate of change of
flux. The disc is assumed to be formed by several meters of radius a. Consider a segment OA occupies
position OB after dt seconds the area of triangle OAB is approximated to right angle triangle.

According to Faraday’s law the magnitude of emf

¢
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From the above equation it is seen that emf is directly proportional to B.

Modified Ampere’s Law:

As per Ampere’s law the line integral of magnetic field intensity vector over a closed path is equal to
current enclosed by that path.

[H.di=1 (1)
Weknowthat 1= [].ds (2)
[H.dl={[].ds 3)

By Stoke’stherom

[H.dl=[VXHds 4)



From equations 3 & 4

VXH=J (5
V.VXH =V.]
V.J=0 (6)

From continuity equation

v.j=-2 ()

Equation 7 contradicts with equation 6, This is called Maxwell’s dynamo equation.

Maxwell stated that basic ampere’s law is not valid for time varying fields and valid for time invariant
fields.

Maxwell has done following modification that the ampere’s law is valid for time varying fields.

From the continuity equation
v.)=-2
From the point form of Gauss law

V.D=p (8)

V.J=-= (V.D)

v.]+ v.% (D) =0

V.J+V.Jg=0 (9

Where Jg = % (D) is displacement current density.
We know that V. VXH = 0

V.] + V.J4= V.VXH

VXH = J+]4

JVXHdS= [(+],) dS

[ VXHdS =1+ 14 (10)

From Stokes theorem,

[H.dl=[VXHds

[H.dl=1+1s (1)



According to modified Ampere’s law the line integral of tangential component of magnetic field intensity
vector for a closed path equal to 1+ Ig.

Displacement current:

The current through a capacitor is known as displacement current.

dp
Jo=—

T at

edv
lg= A-—
d dt

av
lg=C—
dt

From above equation it can be seen that lq is the current through capacitor. The current flowing when the
electric field across the capacitor is increasing or decreasing. The motion of the slider stop then the motion of
the charges stopped and ammeter reading is zero. lq flows when the electric field is change with time. Consider
a sinusoidal voltage source connected to parallel plate capacitor. Construct 2 blocks as shown. The second
surface is constructed such that it encloses top capacitor plate alone no conduction current flows through it
since it lies in dielectric.

Apply Ampere’s law to the surface S; and S
fH .dl = |1
fH.dl = |d

A free charge being stored and removed each capacitor plate a time varying field is produced between
plates. This time varying field produces the Iq.

Conduction current and Displacement current:
From the point form of Ohm’s law conduction current density,
J=0E

J =0 EnaSinwt

1 Vmax

- =g 2 ginwt
A d

V .
l=Ao % sinwt



| = ImaxSinwt

Imax = Ag Ymax

d
lims = Ao I:/";‘Z‘
Jd :Z—lt)

d(Emaxsinwt)

Ja=¢€
d dt

Jd = €Emaxwcoswt

%
lg = Ae ""i"" wcoswt
Id = Idmaxcos(l)t
%
Idmax = AE% w

Vmax

lams = A€ w
drms V2d

lq is directly proportional to the frequency. Conduction current follows sine law and displacement current
follows cosine law.

Differences between conduction and displacement current

1. Conduction current obeys ohm's law as i= V/Rbut displacement current does not obey ohm's law.

2. Conduction current density is represented by Je=cEwhereas displacement currentdensity is given

dD_ _dE
by Ji=—=¢e—.
Y=o fa

3. Conduction current is the actual current whereas displacement current is the apparentcurrent

produced by time varying electric field.

Pointing Vector:
It is defined as the cross product of the vectors E & H.
S=EXH

= EHsing

4

E=Y
l
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_ Power

Area

It gives power/unit area and gives magnitude and direction in which power flows in time EMF. The
direction of power flow at any point is normal to the E and H.

Poynting Theorem:

The energy generated per unit volume and second is equal to same of the energy stored in EMF per unit
volume and second and energy crossed per unit volume and second.

We know that S = EXH
V.S = V. (EXH)
From vector identities

V.S = H. VXE - E.VXH
., dB dp
=H() -EQ+)
= —pHS - E)—eE <
—_4 2 2y g4 2
- dt(z'uH) EJ dt(ZEE)
- = a1 241 2
EJ V.S—I—dt(zyH +ZEE)

d (1 1
[EJdv=[V.Sdv+ [ (SuH? +3€E?)dv
[V.Sdv=[S.dS
(Ejdv-[%(2uH? +1eE?)dv=[V.Sdv=[S.dS

dt \2 2

This is integral form of Poynting theorem.



